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... most engineers do not understand the need for careful thinking about statistical matters. It
is time for the professional statisticians to rise to the challenge of teaching statistics to engineers
and scientists.”—M.J. Hinich '

While SP Magazine is not necessarily adverse to the publication of book reviews, for various

much for their interest as book review material, but for the issues they raise; and also to launch
a new department in this Magazine by which readers can express their views on topics of
importance in the area of signal processing.

Most of us working in SP would confess to sometimes sloppy or cavalier use of statistical
concepts. The reality, is, however, that we rarely have certain justification for any population
model assumed, regardless of how mathematically rigorous our analysis based on the model.
Professor William Gardner of the University of California at Davis proposes an unorthodox
solution to this problem in his recent book in which statistics over ensemble models are replaced
by a dual “temporal probability” model over waveforms. In his review of Gardner’s book,
Professor Melvin Hinich of the University of Texas at Austin takes great exception to this
approach in his review written for SIAM Review, and reprinted here.

Hinich implies that acceptance of such a model would reveal the engineer’s misunderstanding
of “the need for careful thinking about statistical matters.” Following Hinich’s review is
Gardner’s rejoinder in the form of a humorous piece, “Ensembles in Wonderland,” intended to
“inform people about both sides of the controversy without trying to discredit either side.”

I will let the reader determine whether Professor Gardner has achieved his objective with
complete impartiality. Regardless of which side of the debate you find yourself on, the article
should be informative.

At a time when several issues centering on statistical signal processing are planned for SP
Magazine, it is hoped that this set of articles will stimulate debate and interest in the subject.

Wrrite to us!
— J. R. Deller

Statistical Spectral Analysis: A Non-
probabilistic Theory. William Gardner.
Prentice-Hall, NJ, 1987. xxvi + 566
pages. ISBN 0-13844-572-9.

This book presents a nonstandard
treatment of the Fourier analysis ap-
proach to the study of deterministic,
random continuous, and discrete-time
signals. The coverage of the algebra of
spectral analysis, and the motivation,
examples, and exercises used in his
book are basically the same as other
modern books in the subfield of elec-
trical engineering, which is usually
called “Digital Signal Processing.”
What i1s odd about this work is the
author’s strange “mathematical” ap-
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proachtostochastic processes.

The subtitle illustrates the bizarre na-
ture of this book, “A Nonprobabilistic
Theory” (is nonprobabilistic a word?). In
his Preface, Gardner attempts to justify
his approach. He writes about the need for
an empirical approach to the study of time
series (I agree), and then he makes a brief
attempt to use past mathematical work on
randomness to justify his approach. For
example, he uses an out-of-context quote
from an obscure book by T. S. Fine (Theo-
ries of Probability: An Examination of
Foundations, Academic Press, New
York, 1973).

Gardner does not avoid probability
and randomness in this exposition. What
he does 1s develop a heuristic treatment of

IEEE SIGNAL PROCESSING MAGAZINE

P Forum

e - e £ - Y -
[E540] & e i D i ERE I =y .-ﬁ
- J - "’-,,_." L - L kl_.nj e halF r‘._m - !. ey

randomness of a realized time series in
terms of what he calls the “fraction-of-
time probabilistic model.” His concept
is a confused and confusing attempt to
use well-known results from Markov
process theory to set up an idiosyncratic
theory of probability without the stand-
ard discipline from mathematics. Just
imagine the confusion that would result
in the application of statistical concepts
if we had no standard and widely under-
stood theory of probability to rational-
ize our data analysis and interpretation!

Both the author’s Preface and the
Forward by Bracewell reveal the confu-
sion that reigns concerning the role of
probability models in a statistical analy-
s1s of data and experimental design. The
science of statistics deals with (1) the
design of experiments to control the
randomness and uncertainty in any ex-
periment, and (2) the analysis of data as
an organized process of scientific in-
quiry. The basic idea is to take repre-
sentative samples from some defined
population, and then make inferences
about the population from the data. In
time series analysis, the standard con-
ceptualization is to assume that the time
series we observe is a representative
sample from an ensemble of series that
are mathematically modeled by a joint
distribution for the sample times.

One convenient way of thinking about
the ensemble (which Gardner abhors) is
to think of the observed series as a signal
from a machine whose system parameters
randomly vary over time in some fashion.
The machine that generates the data is one
of a set of identical machines that were
manufactured at the same plant in the
same time. The only difference between
the machines is the setting of the varying
parameters over time. A probability
model 1s assumed for the random parame-
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ters for the set of machines. As long as
we believe that the machine that gener-
ates the data 1s a representative random-
ized selection from the population of

identical machines (the ensemble), then

it is possible to make inferences about
the population from the signal that we
observed, provided that the process is
stationary and satisfies some prob-
abilistic mixing condition.

The mixing condition is crucial to
statistical analysis of time series. It is
not enough to assume stationarity and
ergodicity. Ergodicity and stationarity
are sufficient to develop consistent esti-
mates of system parameters and the

spectrum at a set of discrete frequencies. =

Consistency is convergence in prob-
ability. But convergence in probability,

or even convergence almost surely to a-

point, is a very weak condition for an
estimation method. In order to make
inferences from sample estimates about
population parameters, we need to
know something about the statistical
variability of the sample estimates. This
requires the use of probability models
and some sort of central limit theorem.
Since the interesting cases in time series
involve time-dependent random proc-
esses, we need to invoke a mixing con-
dition to validate the application of a
central limit theorem for asympotic
analysis of estimates. If the finite sam-
pling properties of an estimate are
known, which may be the case if the
process i1s Gaussian, then we do not
need asympotics, but we do need prob-
ability models.

The author seems to be aware that he
needs to use standard notation in parts
ot his book, so he writes about expected
values using time averages. His ap-
proach is very hard to follow because he
is “standing on his head” to adhere to
this ideology of determinism.

It 1s too bad that the exposition in his
book is harmed by such an odd misdi-
rection of intellectual effort. The book
covers a set of topics that are rarely
treated in the signal processing litera-
ture: cyclostationarity and periodic sig-
nals with random components. The
treatment of cyclostationarity is very
1diosyncratic since Gardner is a pioneer
in this field with L. Franks. A cyclosta-
tionary process is not ergodic, but it may
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be made so by sampling the process
using periodic sampling synchronized
with the periodicity of the process.

The simplest such process is a sine
function whose amplitude and phase are
tfixed, but where the phase is drawn at
random. Such a process is then station-
ary but not ergodic. Since it is easy to
determine the period of the sinusoid as
long as it is not observed with a lot of
noise, it is easy to synchronize the sam-
pling. Since the author defines cyclosta-

‘tionarity in a convoluted way using his

time averaging formalism, the simplic-
ity of the concept is totally obscured.
This is one of many examples in the
book where simple concepts are con-
fused by Gardner’s compulsion for
“home-made” mathematics.

This book should not be used as a
single source for a course in statistical
spectral analysis because the students
will not learn the basic concepts that
everyone else learns (or attempts to).
There 1s no reason for students in such
a course to learn measure theory, but
they should learn the basics of multi-
variate probability theory. Even social
science students are able to learn and
properly use these basic mathematical
tools. Engineers and scientists have bet-
ter mathematical background and are
constantly drilled in the precise applica-
tion of mathematical models, so they
should be expected to master the simple
mathematics required in statistics. The
hard part of statistical analysis is the
complexities inherent in inference,
where there isno right answer. Itis clear
to me from reading this book and its
Preface and Forward that most engi-
neers do not understand the need for
caretul thinking about statistical mat-
ters. It is time for the professional stat-
isticians to rise to the challenge of
teaching statistics to engineers and sci-
entists.

— Melvin J. Hinich

Author’s Comment
Professor Hinich has written a severely

critical review [1] of the book [2], and
of engineers in scientists in general with
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regard to their understanding of statis-
tics. As author of this book, I am re-
sponding to this criticism, not to try to
establish whether or not this is a good
book, but rather to counter Professor
Hinich’s bold claim that the philosophy
put forth regarding the utility of a non-
stochastic approach to time-series
analysis, 1S misguided and that engi-
neers and scientists who accept this phi-
losophy as a viable conceptual tool do
not understand statistics. In Professor
Hinich’s own words," Both the author’s
Preface and the Forward by Bracewell
reveal the confusion that reigns con-
cerning the role of probability models in
a statistical analysis of data...it is clear
to me from reading this book that most
engineers do not understand the need
tor careful thinking about statistical
matters. It 1s time for the professional
statisticians to rise to the challenge of
teaching statistics to engineers and sci-
entists."

Everyone agrees, I think, that sto-
chastic processes have their place—
they are indeed useful in some
applications. The question before us is,
“Must we accept stochastic processes as
the only viable approach to dealing with
time-series data that is erratic or unpre-
dictable? Or is there a viable alternative
that is more useful in some applica-
tions?”’

The standard approach in statistics is
well suited to experimental design, data
analysis, and inference for populations:
When a population actually exists in the
real world, application of the standard
conceptual framework of orthodox sta-
tistics can be appropriate. However,
when no population associated with the
available data exists or when no such
population can exist (e.g., in astronomy,
the concept of a population of universes
18 not usually considered viable— rep-
licating the “experiment” of creating the
universe 18 rather far-fetched), then the
appropriateness of pretending that a
population exists should be questioned.

Many statisticians accept and invoke
the concept of a population in develop-
ing their theories and methods. When
one has a single time-series of data to
analyze and use as a basis for making
inferences about the real-world situ-
ation that gave rise to the data, and when
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one knows that there can be no access
to a population of such time-series (be-
cause it does not or cannot exist), then
one would be remiss in not questioning
the appropriateness of the orthodox
conceptualization of the time-series as
one member of a population, or ensem-
ble, mathematically modeled as a sto-
chastic process.

Many—but by no means all—real-
world problems in communications en-
gineering and signal processing involve
time-series data for which no popula-
tion exists; that is, data for which repli-
cation of the experiment is impossible
or impractical. However, many of these
time-series are known to arise from
physical phenomena that can be consid-
ered to be unchanging in their basic
nature of very long periods of time. In
such cases, conceptually idealizing this
time-invariance by extending the length
of the data record without bound en-
ables us to conceive of a model that is
derivable from the data in the limit as
the amount of data used for measuring
the parameters of the model approaches
infinity. This leads us to the concept of
a traction-of-time (FOT) probability
model that is free from the abstract con-
cept of a population. For example, the
FOT probability that a time-series ex-
ceeds some specified level is defined to
be the fraction of time that this event
occurs over the life of the time-series.

Once we have accepted the idea of an
infinitely long time-series with an FOT
probability model, we can develop a
theory of statistical inference and deci-
sion that is 1somorphic to the theory for
stationary stochastic processes.

In summary, I believe Professor
Hinich’s admitted confusion about the
message delivered in [2] results not
from any flaw in the philosophy put
forth in [2], but rather from his unwill-
ingness to accept this philosophy as a
viable alternative to his philosophy—a
philosophy to which he clings tightly.
Moreover, in defense of engineers and
scientists, I mention that the book [3] on
stochastic processes, coupled with [2],
illustrates that some nonstatisticians are
capable of understanding, using, and
teaching both the orthodox theory of
stochastic processes (for those situ-
ations where it is appropriate) and the
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unorthodox theory of time-series based
on FOT probability (for those other situ-
ations where it is the more appropriate
of the two).

Not all statisticians share Professor
Hinich’s inflexible position on what he
calls “an odd misdirection of intellectu-
al effort.” Professor A. M. Yaglom of
the Academy of Sciences of Russia,
author of well known books on time-se-
ries analysis and stochastic processes,
states in his review [4] of [2] and [3]:

“It 1s important, however, that until
Gardner’s second book was published
there was no attempt to present the mod-
ern spectral analysis of random proc-
esses consistently in language that uses
only time-averaging rather than averag-
ing over the statistical ensemble of re-
alizations. Moreover, this book also
shows that such a treatment possesses
some advantage over the traditional
one...Professor Gardner’s books are
both valuable additions to the available
literature on the theory of random proc-
esses.”

Similarly, Professor Enders A. Ro-
binson of Columbia University, author
of thirty books on time-series analysis,
states 1n his review [5]:

“This book can be highly recom-
mended to the engineering profession.
Instead of struggling with many unnec-
essary concepts from abstract prob-
ability theory, most engineers would
prefer to use methods that are based on
the available data. This highly readable
book gives a consistent approach for
carrying out this task. In this work Pro-
fessor Gardner has made a significant
contribution to statistical spectral analy-
sis, one that would please the early pio-
neers of spectral theory and especially
Norbert Wiener.”

Apparently, the distinction to be
made 1S not Professor Hinich’s distinc-
tion between engineers/scientists and
statisticians, but rather it is the distinc-
tion between pragmatists (as defined by
the American philosophers Charles
Sanders Peirce and William James),
who can adopt whatever conceptualiza-
tion best serves the practical purpose at
hand, and those others who believe in
the sanctity of one particular system of
conceptualization, regardless of its
practical consequences. The nonprag-
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matists speak of a controversy over the
stochastic and nonstochastic approach-
es to time-series analysis. But, there is
really no basis for controversy. The
only real issue is one of judgement—
judgement in choosing for each particu-
lar tume-series analysis problem the
most appropriate of two alternative ap-
proaches [6].

Making inferences from available
data is tricky business for anyone. For
example, Professor Hinich makes the
following inference about a population
numbering in the hundreds of thousands
on the basis of data from a single mem-
ber of this population: “It is clear to me
[Hinich] from reading this book that
most engineers do not understand the
need for careful thinking about statisti-
cal matters.”
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Ensembles In Wonderland
by William A. Gardner

Alice was an above-average engineer-
ing student at the University of the
Queen of Hearts, but this semester she
was struggling through a course on sta-
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tistical signal processing, and things
were getting curiouser and curiouser.
When she was confronted with the topic
of spectral analysis, she was perplexed
by the mysterious reasoning given for
spectrally smoothing the periodogram
of a record of data produced by a re-
cerver in a radio astronomy experiment.
The argument Alice was presented with
went something like this: Nevermind
that you have only one record (which
could go on forever) and that you want
to use this record to learn something
about the sources of radio energy im-
pinging on Earth, pretend that your data
is one record from an infinite ensemble
of possible records (each of which could

go on forever) that might have occurred, -

but didn’t. Also, assume that this hypo-
thetical ensemble is governed by a
Gaussian probability law. To reduce the
variance over the ensemble of these
nonexistent records (from nonexistent
universes), you should spectrally
smooth the periodogram. Why? Be-
cause 1t 18 mathematically proven in the
textbook that the variance over the
make-believe ensemble, which defines
a Gaussian stochastic process, is re-
duced by spectral smoothing. Oh, and
by the way, this hypothetical variance
also can be reduced by time averaging
the periodogram instead of spectrally
smoothing it. Why? Same reason: It is
mathematically proven ...

Alice whispered to her classmate, “It
would be so nice if someone would

make sense for a change.” Professor M.
Hatter overheard Alice and turned to her
with a stern look on his face and an-
nounced “This does make sense.” Hold-
ing the textbook up for display, he said,
“Just start at the beginning and when
you reach the end, stop.” Troubled by
this, Alice decided she would get a sec-
ond opinion. Later that day, she fol-
lowed the Queen’s Way to the campus
repository of knowledge, the Cabbages
and Kings Library. Hoping to find a
more 1ntuitively satisfying discussion
of statistical spectral analysis, she lo-
cated a score of books on the subject and
proudly carried them off to a quiet cor-
ner of the reading room and began her
quest for enlightenment. But, before
long, her enthusiasm began to fade and
in its place resignation set in. Alice
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tound that all the books told the same
story, whether authored by Tweedle
Dee or Tweedle Dum. Stochastic proc-
esses were mathematically defined; the
property of stationarity was introduced;
the autocorrelation function was de-
tfined; the power spectral density func-
tion was defined to be the Fourier
transtorm of the autocorrelation func-
tion; then the periodogram was intro-
duced as a potential estimator of the
power spectral density, but it was
shown that even though the expected
value over the ensemble could be made
to approach the power spectral density
by using long enough data records, this
did not reduce the large variance over
the ensemble. Then spectral smoothing
was mtroduced as a means for reducing
variance.

At this point, Alice could only con-
clude that the apparent absurdity of the
make-believe ensemble and corre-
sponding stochastic process was aresult
of her own failure to grasp something
very deep and meaningful. After all,
engineers do simulate ensembles on
computers, and there was a lot of talk
about something called virtual reality.
So maybe the concept of reality was
itself silly she thought, maybe nothing’s
impossible. Alice put her nose to the
grindstone for the rest of the semester
and learned the mechanics of stochastic
processes, all the while trying to repress
the thought “Why is it I give myself
very good advice, but very seldom fol-
low it?”

Time passed and Alice went on to
earn a Ph.D. degree in, of all things,
statistical signal processing. She con-
sidered a research position in industry,
but was offered a professorship at the
prestigious Stanford Institute of Tech-
nology in Berkeley, Massachusetts,
which she happily accepted. One day
after a lecture in which Alice eloquently
spun the yarns about ensembles in
wonderland that she had learned at
Queen of Hearts, one of her students,
with the grin of a cheshire cat, pointed
out that a book review on this very topic
had just appeared in a mathematics jour-
nal, and it seemed to suggest that engi-
neers don’t always view this topic the
same way statisticians do. Alice got a
copy of the book review and was
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amused to find the reviewer claiming
that some foolish professor had written
an entire book on an apparently ridicu-
lous way of thinking about statistical
spectral analysis that avoided stochastic
processes and associated ensembles.
The review [1] exposed the “bizarre”
book [2] as an “odd misdirection of
intellectual effort.”

Reaching back in her mind, Alice
recalled the difficulties she had experi-
enced as a student at Queen of Hearts
trying to grasp what then seemed to her
to be a mystery, but now she accepted
without question. But did she? There
still seemed to be some doubt lurking in
the recesses of her mind, in spite of the
confidence with which she taught the
subject of stochastic processes. Alice
thought it would be fun to see first hand
what this professor had to say. Upon
finding the book in the library, she was
surprised to see that the binding was
broken and the cover was crumpled and
soiled. There was a grimy imprint on the
title page that read “Nike.” It looked as
though someone had thrown the book
violently to the floor and stomped on it.
She skimmed the table of contents and
then turned to Chapter 3, where statisti-
cal spectral analysis was introduced.
This 1s what she read:

In order to understand why a time--
averaged periodogram can be prefera-
ble to one that has not been averaged,
we must focus our attention not on the

data itself but rather on the source of the

data—the physical mechanism that
generates the data. Generally speaking,
data is nothing more than a partial rep-
resentation of some physical phenome-
non—a numerical representation of
some aspects of the phenomenon. The
Jundamental reason for interest in a
fime-averaged spectrum of some given
data is a belief that interesting aspects
of the phenomenon being investigated
have spectral influences on the data that
are masked by uninteresting (for the
purpose at hand) random effects and an
additional belief (or, at least, hope) that
these spectral influences can be re-
vealed by averaging out the random
effects. This second belief (or hope)
should be based on the knowledge (or,
at least, suspicion) that the spectral
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influences of the interesting aspects of
the phenomenon are time-invariant, so
that the corresponding invariant spec-
tral features (such as peaks or valleys)
will be revealed rather than destroyed
by time-averaging.

Hmmm, she thought. This doesn’t
sound all that foolish. Let me go back
and look at the introductory section in
Chapter I, entitled “Objectives and Mo-
tives.” She read:

A premise of this book is that the way
engineers and scientists are commonly
taught to think about empirical statisti-
cal spectral analysis of time-series data
is fundamentally inappropriate for
many applications. The subject is not
really as abstruse as it appears to be
Jromthe conventional point of view. The
problem is that the subject has been
imbedded in the abstract probabilistic
framework of stochastic processes, and
this abstraction impedes con-
ceptualization of the fundamental prin-
ciples of empirical statistical spectral
analysis. Hence, the probabilistic theo-
ry of statistical spectral analysis should
be taught to engineers and scientists
only after they have learned the funda-
mental deterministic principles—both
qualitative and quantitative. For exam-
ple, one should first learn 1) when and
why sine wave analysis of time-series is
appropriate, 2) how and why temporal
and spectral resolution interact, 3) why
statistical (averaged) spectra are of in-
terest, and 4) what the various methods
Jor measuring and computing statistical
spectra are and how they are related.
One should also learn how simultane-
ously to control the spectral and tempo-
ral resolution and the degree of
randomness (reliability) of a statistical
spectrum. All this can be accomplished
in a nonsuperficial way without refer-
ence to the probabilistic theory of sto-
chastic processes.

Alice turned back to Chapter 3 and
read on to find that one can obtain ap-
proximately the same result by fre-
quency smoothing the periodogram
rather than time averaging it. There was
a proot of this statement that consisted
of manipulating the mathematical ex-
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pression for the time-averaged perio-
dogram into an expression for the fre-
quency-smoothed periodogram. She
jumped ahead to Chapter 5 and found a
mathematical proof that the variance
over time (not over some make-believe
ensemble) was indeed reduced by both
time averaging and frequency smooth-
ing the periodograrn.

In fact, there were many mathemati-
cal results that were essentially the same
as those in the books that couch every-
thing in terms of stochastic processes; it
was the link between the mathematics
and the real world that was different.
This book used time averaging every-
where the other books used ensemble
averaging. This seemed to make a lot of
sense when the real world situation in-
volves a single record of data from a
physical phenomenon that is not chang-
ing with time.

Alice feverishly read on as her origi-
nal motive for perusing the book turned
into a reborn desire to solve the mystery
she first encountered as a student at
Queen of Hearts many years ago.

When she finally set the book down
hours later with a deep feeling of satis-
faction, Alice wondered why all the
other books mask such naturally simple
1deas behind ramblings about ensem-
bles in wonderland. She suddenly re-
membered the review which led her to
this unique book and she returned to her

office to reread the review. She went to
the concluding line in the review and
read:

It 1s clear to me from reading this
book that most engineers do not under-
stand the need for careful thinking
about statistical matters. It is time for
the professional statistician to rise to
the challenge of teaching statistics to
engineers and scientists.

She reflected for a moment and then
said to herself “How strange for a pro-
fessional statistician to draw an infer-
ence about a population consisting of
hundreds of thousands on the basis of
observations on a single member of this
population; certainly the concept of er-
godicity does not apply here. Then
something caught her eye. It was the
only technical statement in the review.
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She read, “’the simplest such process is
a sine function whose amplitude and
phase are fixed [over time], but where
the phase 1s drawn at random [from an
ensemble]. Such a process is then
stationary but not ergodic. “Gee,” Alice
thought “maybe engineers have some-
thing to offer to statisticians: we can
explain to them why this simple process
is indeed ergodic, even though it does
not pass the standard "mixing" test that
they are so fond of.

Alice set the review aside and mused
for awhile. It was late and she was tired.
Little glimmers of curiousities from the
history of engineering came to mind and
faded—the heated controversy between
physicists and mathematicians over
Heaviside’s operational calculus, now a
standard part of engineering curricula—
the mathematician’s revulsion over the
engineer’s best friend, the impulse. She
wondered if the current protests from
some statisticians over this alternative
approach to statistical spectral analysis
would subside, and it too would become
a standard part of engineering. One
thing was clear. It would definitely be-
come a standard part of the signal proc-
essing curriculum in her department at
Stanford Institute of Technology.

The next day, Alice awoke early and
went directly to her desk to prepare a
new lecture to replace the one she had
given yesterday. She wrote:

“The standard approach in statistics
1s well suited to experimental design,
data analysis, and inference for popula-
tions: when a population actually exists
in the real world, application of the
standard conceptual framework of or-
thodox statistics can be appropriate.
However, when no population associat-
ed with the available data exists or when
no such population can exist, then one
should question the appropriateness of
pretending that a population does exist.

“Many statisticians accept and in-
voke the concept of a population in
everything they do in developing theory
and method. But unquestioning adher-
ence to orthodoxy is not usually consid-
ered good science. It is a comforting
approach for many but it is not always
defensible on scientific grounds. When
one has a single time-series of data to
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analyze and use as the basis for making
inferences about the real-world situa-
tion that gave rise to the data, and when
one knows that there can be no access
to a population of such time-series (be-
cause none does or can exist), then one
would be remiss in not questioning the
appropriateness of the orthodox con-
ceptualization of the time-series as one
member of a population, or ensemble,
mathematically modeled as a stochastic
process.

“Many—but by no means all—real-
world problems in communications en-
gineering and signal processing involve
time-series data for which no popula-
tion exists, i.e., for which replication of
the “experiment” is impossible or im-
practical. However, many of these time-
series arise from physical phenomena
that can be considered to be unchanging
in their basic nature for a very long time.
In such cases, conceptually idealizing
this time-invariance by extending the
length of time without bound enables us
to concelve of a model that is derivable
from the data in the limit as the amount
of data used for measuring the parame-
ters of the model “approaches infinity.”

This leads us to the concept of a frac-
tion-of-time probability model that is
free from the abstract concept of a
population. (For example, the fraction-
of-time probability that a time-series
exceeds some specified level is defined
to be the fraction of time that this event
occurs over the life of the time-series.)

Alice stopped writing for a moment
to reflect. It occurred to her that the title
of the book [2] Statistical Spectral
Analysis: A Nonprobabilistic Theory
could be misleading since it is shown in
Chapter 5 of the book that an em-
pirically motivated inquiry into the
problem of quantifying the average be-
havior of spectral measurements leads
naturally to a probabilistic theory. Since
this probabilistic theory is nonstochas-
tic (it involves only time averages, not
ensemble averages), the title could have
been Statistical Spectral Analysis: A
Nonstochastic Theory. Nevertheless,
she thought, the majority of the con-
cepts and methods developed in the
book are not only nonstochastic, they
are indeed nonprobabilistic and a pri-

. mary goal of the book is to show that, in

an empirically motivated development
of the fundamental concepts and meth-
ods of statistical spectral analysis, prob-
ability does not play a seminal role. It
does play an important role in the me-
chanics of quantifying average behav-
ior, but it plays no role in
conceptualizing the objectives and
methods of statistical spectral analysis
of single time-series.

As Alice continued to write her lec-
ture, she was keenly aware of a new
level of enthusiasm that she could bring
to her course on statistical signal proc-
essing. She would have to make a point
of thanking the student with the chesh-
ire cat grin for bringing that book re-
view to her attention.
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To the Editor:
Congratulations on your inspired deci-
sion to volunteer SP Forum as a field on
which the warriors of modern signal
processing philosophy and their loyal
clans, the Statisticians and the Fraction-
of-Timers, may battle. As a partisan
spectator, I am pleased to respond to
your invitation to cast a thumbs-
up/down and to interject my own views.
But first, a confession: I am a statisti-
cian. It is therefore no surprise that I
sympathize more with Professor
Hinich’s gleefully vicious, no-holds-
barred review than with Professor Gard-
ner’s carefully worded, slyly mocking
replies. (Perhaps my New York up-
bringing has something to do with this!)
For me, the statistical approach to
signal analysis begins with a prob-
abilistic model (e.g., ARMA) for the
signal. The signal time series 1s viewed
as a single realization and as data arising
from the model. The time series data 1s
used 1n conjunction with statistical tech-

niques (e.g., maximum likelthood) to
infer parameters, order, appropriate-
ness, etc. of the model. The abstract
notion of an infinite population plays no
role.

When fitting a deterministic (e.g.,
chaotic) time series model, it may not be
possible to employ a statistical ap-
proach in the manner described above.
In this case, if the time series 1is ergodic
(and many chaotic time series are), the
fraction-of-time approach may be re-
quired, though not necessarily: in [1], it
is shown that statistical model-fitting
techniques developed for stochastic
time series models can also be useful in
fitting chaotic time series models.

Conversely, when the time series 1s
not ergodic, as would be the case when
the signal is transient, the fraction-of-
time approach is not appropriate. It can
be useful to model stochastic transient
time series as harmonizable [2]. To es-
timate the generalized spectrum of such
a time series, one would smooth the raw

biperiodogram computed from each
successive fixed-length block of data
(cf [3]), and not average such estimates
across blocks (as most blocks will con-
tain no transient energy) nor let the
block size increase without limit.

—Neil L. Gerr
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To the Editor:

It is hard for me to decide whether or not
Mr. Gerr’s letter in the Forum section of
the October 1994 issue of this magazine
deserves a response. He does not seem
to address the basic issue of whether or
not fraction-of-time probability 1s a use-
ful concept. This is the issue being de-
bated, isn’t it? In fact, I cannot find one
technical point in his letter that is both
valid and clearly stated. But, because
Mr. Gerr has clearly stated in his letter
that, regarding philosophical issues in
science and engineering, he prefers
“New York” style vicious attacks like
Hinich’s to carefully worded slyly
mocking replies, like mine, it has occu-
tred to me that I might get through a little
better to the Mr. Gerrs out there if I tried
my hand at being just a little vicious. 1
hope the readers will understand that 1
am new at this; I give them my apologies
now in case I fail to overcome my pro-
pensity for writing carefully and, when
appropriate, slyly. But, before proceed-
ing, I would like to set the record
straight regarding what is and what 1s
not slyly mocking. My reply to Hinich’s
review is nothing but plain fact without
embellishment of any sort. It is my fic-
tional article “Ensembles in Wonder-
land” which was obviously written to be
humorous, that one could classify as
slyly mocking.

Mr. Gerr’s letter reveals a lot of mis-
understanding and this provides us with
some insight into what may motivate
vicious attacks on attempts to educate
people about alternative ways to con-
ceptualize problem solving. It is hard
for me to imagine how Mr. Gerr could
have missed the main point of my re-
sponse to Hinich’s review. This point,
which is clearly stated in both the book
[1] under attack and the unappreciated
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response to this attack, is that, and |
quote from my response,

“There is really no basis for con-
troversy. The only real issue is
one of judgement—judgement in
choosing for each particular time-
series analysis problem the most
appropriate of two alternative ap-
proaches.”

To argue against this point is to be a
zealot in the truest sense of the word,
fanatically fighting for the One True
Religion in statistics.

Sociologists and psychologists tell
us that vicious behavior is often the
result of paranoia born out of igno-
rance. In the example before us, both
Hinich and Gerr demonstrate substan-
tial ignorance regarding nonstochastic
statistical concepts and methods, 1n-
cluding fraction-of-time (FOT) prob-
ability. This case has already been
made for Hinich in the Forum section
of the April 1994 issue of this maga-
zine. So let us consider Gerr’s letter.
First off, Gerr admits to the kind of
behavior that is supposed to have no
place in science and engineering, by
identifying himself as a “partisan
spectator.” Webster’s Ninth New Col-
legiate Dictionary defines partisan as
“a firm adherent to a party, faction, or
cause, or person, esp: one exhibiting
blind, prejudiced, and unreasoning al-
legiance.” On the basis of this admis-
sion alone one has to wonder whether
to continue reading Gerr’s letter or
flip the page. (It’s interesting that Gerr
is into partisanship and Hinich’s uni-
versity appointment is in the Govern-
ment Department.) But what the heck,
let’s see if we can find some technical
content in his letter.

Mr. Gerr’s first of three technical
remarks is quoted here:
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“For me, the statistical approach
to signal analysis begins with a
probabilistic model (e.g.,
ARMA) for the signal. The signal
time series is viewed as a single
realization and as data arising
from the model. The time series
data is used in conjunction with
statistical techniques (€.g., maxi-
mum likelihood) to infer parame-
ters, order, appropriateness, efc.
of the model. The abstract notion
of an infinite population plays no
FOlc.& |
Not too surprisingly, it is difficult to
tell what point Mr. Gerr 18 trylng to
make here. He starts with a probabilistic
model and ends with a denial ot the
notion of a population. Would Mr. Gerr
care to tell us how he interprets “prob-
ability” in “probabilistic model” if he
denies the notion of population? My
guess is that his thinking does not g0
this deep. But let’s try to extract some
meaning by reading between the lines.
In spite of his sympathy with Hinich,
Mr. Gerr seems to be agreeing that the
problem-solving machinery of prob-
ability theory (e.g., ARMA modeling
and maximum likelihood estimation)
can be used regardless of whether one
conceptualizes its use in terms of sto-
chastic probability (with its associated
ensembles or populations) or in terms of
fraction-of-time (FOT) probability.
This is the point that is made by the book
[1] under attack: This book does include
ARMA models and the maximum like-
lihood method as parts of the nonsto-
chastic theory. True to the “blind
allegiance” definition of partisanship,
Mr. Gerr is apparently agreeing with the
book while sympathizing with the at-
tack on the book. Either Mr. Gerr has
not read the book at all, or he may
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simply not have thought hard enough
and long enough about these things.
This 1s important to point out because I
suspect it 1S the primary reason that
there 1s any controversy at all.

Mr. Gerr then goes on to admit that
the FOT approach may be required for
chaotic time series. But again, true to
form, he then makes a remark that is
difficult to interpret:

“The fraction-of-time approach
may be required, though not nec-
essarily: 1 [1], 1t 1s shown that
statistical model-fitting tech-
niques developed for stochastic
time series models can also be
useful in fitting chaotic time se-
ries models.”

This sounds like Mr. Gerr 1s again
confused about the fact that many prob-
abilistic models can be interpreted or
conceptualized in terms of either sto-
chastic probability or FOT probability.
Thus, regardless of the fact that a model
was originally derived in the stochastic
probability framework, 1t can—depend-
ing on the particular model—still be
used (and/or rederived) 1in the FOT
framework. In fact, AR models were
originally derived within the FOT
framework, not the stochastic frame-
work [2] -[3]. This will probably sur-
prise Mr. Gerr. And if he is not confused
about this, then he is again agreeing
with the book [1] whose attack he sup-
ports. *

On the assumption that people work-
ing with stochastic processes would
have enough of an understanding of the
subject to compare it with the nonsto-
chastic theory presented in [1], this
comparison was not made very explicit
in [1]. Responses to [1], such as those
of Mssrs. Hinich and Gerr, suggest that
this assumption is false more often than
it 1s true. To make up for this, an explicit
comparison and contrast between the
theories of stochastic processes and
nonstochastic time-series i1s made in
Chapter 1 of [4].

Mr. Gerr concludes his letter by con-
sidering transient time-series and erro-
neously concluding that time averaging
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a biperiodogram over successive blocks
of data (which he identifies with FOT
methodology) 1s inappropriate, whereas
spectrally smoothing a biperiodogram
1s appropriate. Obviously, he does not
realize that the infamous book [1] that
proposes FOT concepts and methods
shows that when the data block, over
which spectral smoothing of the biperi-
odogram 1s performed, 1s partitioned
into subblocks over which time averag-
ing of the biperiodogram 1s performed
instead, the iesults from these two meth-

ods can closely approximate each other

if the subblock length and window
shape are chosen properly. In other
words, 1t 1s very clearly explained in [1]
that the FOT framework for spectral
analysis includes frequency smoothing
as well as time-averaging methods. This
again brings up the question, did Mr.
Gerr read the book [1], and if so, did he
comprehend anything?

It 1S my recommendation to Mr.
Gerr, and others who would entertain
joining this discussion of the merit of
considering alternatives to stochastic
thinking, that the book [1] that started
the furor so nicely exemplified by
Hinich’s review, and Chapter 1 of [4],
be read carefully, the way they were
written. This should be a prerequisite to
criticism, vicious or otherwise.

Before closing this letter, I should
point out that the so-called controversy
that statisticians like Hinich and Gerr
are promoting 1s about as productive as
the statisticians’ endless debate be-
tween the “Bayesians” and the “fre-
quentists” over whether or not prior
probabilities (““prior” meaning “before
data collection™) should be included 1n
the One True Religion of statistics [5].
The debate 1s endless, because it 1S
based on the faulty premise that there 1s
One True Religion. In fact, the subject
of our “controversy’ is not unrelated to
the Bayesian/frequentist debate. This
debate dates back to the 1920s, and in-
volves many well-known statisticians,
some 40 of whom are referenced 1n [J]
for their contributions to this debate.
The conclusion in [5], published just
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last month, 1s, I am happy to report:
“The Bayesians have been right
all along! And so have the fre-
quentists! Both schools are cor-
rect (and better than the other)
under specific (and complemen-
tary) circumstances ... Neither ap-
proach will uniformly dominate
the other... knowing when to [use]
one or the other remains a tricky
question. It is nonetheless helpful

to know that neither approach can

be ignored.”

This 1s very encouraging! These
pragmatic statisticians are attempting to
dispell belief in the concept of One True
Religion.

[ conclude this reply with a little
dialogue that I find both amusing and

supportive of my response to vicious
attacks:

Can old dogs be taught new
tricks?

Maybe, but the teacher might get
barked at for trying.

Should the teacher accept the
barking graciously?

Maybe, but if the old dogs band

together 1nto a pack, the teacher
better bark back.

— William A. Gardner
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To the editor:

I suppose when one ventures onto the
tield where the Fraction-of-Timers and
Statisticians do battle, one must expect
a few bumps and bruises. Still, I was
surprised by the vehemence of Profes-
sor William Gardner’s January re-
sponse to my note in the October 1994
SP Forum. Even by New York stand-
ards 1t seemed a bit much!

Needless to say, there are many
points on which Professor Gardner and
I disagree, but only two that are worthy
of further discussion. The first disagree-
ment [ would like to touch on regards
the utility of the fraction-of-time ap-
proach for spectrum analysis of tran-
stent signals in particular, and
nonstationary signals in general. Pro-
fessor Gardner states:

“...that when the data block, over
which spectral smoothing of the biperi-
odogram 1s performed, is partitioned
into subblocks over which time averag-
ing of the biperiodogram 1s performed
instead, the results from these two
methods can closely approximate each
other if the subblock length and window
shape are chosen properly.”

Why not smooth the biperiodogram
computed on each subblock? The re-
sulting generalized spectrum estimates
can be used in their own right or in a
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time averaging scheme. The fact is,
there 1s value in spectral smoothing
when estimating the generalized spec-
trum of a harmonizable (i.e., nonsta-
tionary) signal, and these techniques do
not require a careful choice of subblock
lengths and windows (cf. [1], which
contains basic theory, simulations, and
an application to real data). Thus, spec-
tral smoothing of the biperiodogram is
to be preferred when little is known of
the signal a priori. Conversely, when
analyzing a cyclostationary signal
whose cycle frequency is known, time
averaging of the raw (i.e., unsmoothed)
biperiodogram computed from disjoint
data blocks that span individual cycle
periods can, as Professor Gardner has
shown in many of his writings, be of
great utility.

The second disagreement I would
like to address relates to what I have
referred to as a battle of philosophies:
fraction-of-time versus probability/sta-
tistics. Few would argue with the asser-
tion that a tremendous amount of
progress in the development of signal
processing methodology has resulted
from work based on the statistical/prob-
abilistic paradigm, and that this is a
paradigm with which most of the signal
processing community is familiar. I find
little to suggest that this paradigm has
run out of gas. As evidence for this
claim, I note the current high levels of
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interest and creativity worldwide in
high order statistics/cumulant poly-
spectra and the recent extension and
refinement of an important concept like
circularity in the (probabilistic) context
of harmonizable processes [2]. Profes-
sor Gardner has chosen to work within
the context of an alternative paradigm,
In many respects equivalent to the old
but with no obvious advantages, and is
surprised to find that there are those
who are skeptical. (Some may even be
hostile, though I do not count myself
among that group!) Professor Gardner
errs when he likens such skeptics to
religious fanatics. The fact is, Professor
Gardner has failed to make a compel-
ling case for his paradigm. From my
perspective, developing signal process-
ing results using the fraction-of-time
approach (and not probability/statistics)
1s like building a house without using
power tools: it can certainly be done, but
to what end?

—Neil L. Gerr
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Questioning ‘Distinction
without a Difference’

Debate

hile I was entertained by the ex-
Wchange of letters concerning
fraction-of-time and probabilistic mod-
els, I was startled by the reference (Sig-
nal Processing Magazine, March 1995,
SP Forum) to [1] as a “recent extension
and refinement of an important con-
cept...” This contention is too much for
me, and I feel compelled to take [1]
together with the fraction-of-time ver-
sus probablistic models debate as exam-
ples to reemphasize a broader point.
Engineering 1s applied science, has a
product, and we do not need to carry on
“distinction without a difference” de-
bates, either for time series or complex
data models. Ideally, authors submit-
ting papers to the IEEE journals have
something to contribute to engineering.
Contributions include reporting upon
techniques that proved effective for
achieving an engineering goal, compar-
ing techniques, or explaining in a gen-
eral context why techniques are
effective, and identifying limitations. I
see a growing disconnect between sci-
entists and engineers, and the publica-
tions of academics, which are too often
dubious mathematics.

The reference paper supplies only
abstract results, and if better examples
were used, 1t would be apparent to
nearly all readers that the introduced
terms are unnecessary and overblown.
The paper invents jargon to compensate
for a lack of a consistent definition for
the common concept of “complex ran-
dom number.” A complex random
number is nothing more than notation
for pairs of random numbers, a notation
which simplifies many algebraic ma-
nipulations. Measurable physical quan-
tities, including those modeled as
random variables, take on values that
are real numbers. Imaginary numbers
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are, well, imaginary. Even in the ab-
stract, there 1s no useful distinction be-
tween a complex random variable, and
pairs of real random variables. There is
an 1somorphism between the two-di-
mensional Euclidean plane, in which
probability measures are naturally de-
fined, and the complex numbers. The
probability distribution functions of
“complex” random variables are not
even functions solely of the complex
variables. The probability distribution
functions are functions of real combina-
tions of the complex variables and their
complex conjugates. In other words, the
probability distribution functions of
“complex” random variables are real
functions of the real and imaginary
components of the complex random
variables. (And conversely. Every dis-
tribution of pairs of random variables,
X, y, can be written in terms of z =08
1y and z ix—iyusing 2x =27 +z and
21y =z - z ). The complex shorthand is
convenient for algebraic manipulation
of, for example, analytic signals, but
this convenience does not make the re-
sults of any measurement complex.
Complex random numbers are a well
accepted, often convenient, notation for
pairs of real random numbers. The
author suggests no definition for a com-
plex random number that requires an
estimation or detection theory distinct
from the well established formalisms.
Even [1] notes that, “the standard pro-
cedure 1s to use the real and imaginary
parts that are the components of a 2-D
real random vector. However, doing so
results in considering that complex
numbers are nothing else but pairs of
real numbers, and the complex theory
loses most of its interest.” Indeed.

The author’s “complex LMSE” so-
lutions are constrained to be complex
constructs put together for notational
convenience. Only by misplacing
physical significance to the algebraic
construct does there become any need
to distinguish to types of linear esti-
mates. A real formulation 1s the correct
formulation for engineering problems,
and consequently 1s the only linear esti-
mate that need be considered. Estimates
with independent coefficients for each
measured physical quantity are the for-
mulations of interest to engineering, al-
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beit, there are common cases for which
the optimal solution for the coefficients
has symmetries that permit the optimal
linear estimates to be written in a “com-
plex” form. But, many solutions have
distinguishable properties, and each
distinguishable property of particular
solutions does not require a reformula-
tion for the general problem. Taking
note of conditions that imply solutions
of a particular form does lead to effi-
ciency for solution finding. Neverthe-
less, alternative algorithms selected for
computational efficiency are not refor-
mulations of the problem.

For models exhibiting circularity,
the constrained “complex” estimates
coincide with the optimal estimates.
But, circularity is only a sufficient, and
not a necessary condition for the con-
strained solution to coincide with the
optimal solution.

[ am not aware of a single system that
1S suboptimal because a design engineer
mistakingly insisted upon solving the
overly constrained, “complex” optimi-
zation problem. None of the machina-
tions introduced in the cited reference
are required if there is no insistence on
making too much of the complex nota-
tion for pairs of random variables. If
there are notable applications of circu-
larity, [1] chooses not to enlighten us.
(And I do not count putting already
solved problems into new notation.) As
a young mathematician once stated,
“we cannot continue to forget at the
present rate. Total ignorance provides a
convenient lower bound.”

—Glenn Johnson
TASC, Reston, VA
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Gardner Rests His Case
his is my final letter to SP Forum in
the debate initiated by Mr. Melvin
Hinich’s challenge to the resolution
made in the book [1], and carried on by
Mr. Neil Gerr through his letters to SP
Forum.

In this letter, I supplement my pre-
vious remarks aimed at clarifying the
precariousness of Hinich’s and Gerr’s
position by explaining the link between

19



my argument in favor of the utility of
fraction-of-time (FOT) probability, and
the subject of a plenary lecture deliv-
ered at ICASSP ‘94. In the process of
discussing this link, [ hope to continue
the progress made in my previous two
letters in discrediting the naysayers and
thereby moving toward broader accep-
tance of the resolution that was made
and argued for 1n [1], and 1s currently
being challenged. My continuing ap-
proach is to show that the position taken
by the opposition—that the fraction-ot-
time probability concept and the corre-
sponding time-average framework for
statistical signal processing theory and
method have nothing to offer in addi-
tion to the concept of probability asso-
ciated with ensembles and the
corresponding stochastic process
framework—simply cannot be de-
fended if argument 1s to be based on fact
and logic.

Thomson’s Waveguide Problem

To 1llustrate that the stochastic-process
conceptual framework 1s often applied
to physical situations where the time-
average framework i1s a more natural
choice, I have chosen an example from
D. J. Thomson’s recent plenary lecture
on the project that gave birth to the
multiple-window method of spectral
analysis [2]. The project that was initi-
ated back in the mid-1960s was to study
the feasibility of a transcontinental
waveguide for a telecommunications
transmission system potentially tar-
geted for introduction in the mid-1980s.
It was found that accumulated attenu-
ation of a signal propagating along a
circular waveguide was directly de-
pendent on the spectrum of the series,
indexed by distance, of the erratic di-
ameters of the waveguide. So, the prob-
lem that Thomson tackled was that of
estimating the spectrum for the more
than 4,000 mile long distance-series us-
ing a relatively small segment of this
series that was broken into a number of
30-foot long subsegments. (It would
take more than 700,000 such 30-foot
sections to span 4,000 miles). The spec-
trum had a dynamic range of more than
100 dB and contained many periodic
components, indicating the unusual
challenge faced by Thomson.
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When a signal travels down a
waveguide (at the speed of light), it
encounters the distance-series of erratic
waveguide-diameters. Because of the
constant velocity, the distance-series is
equivalent to a time-series. Similarly,
the series of diameters that is measured
for purposes of analysis 1s— due to the
constant effective velocity of the meas-
urement device—equivalent to a time
series. So, here we have a problem
where there is one and only one long
time-series of interest (which 1s equiva-
lent to a distance-series)—there 1S no
ensemble of long series over which av-
erage characteristics are of interest and,
therefore, there is no obvious reason to
introduce the concept of a stochastic
process. Thatis, in the physical problem
investigated, there was no desire to
build an ensemble of transcontinental
waveguides. Only one (if any at all) was
to be built, and 1t was the spectral den-
sity of distance-averaged (time-aver-
aged) power of the single long
distance-series (time-series) that was to
be estimated, using a relatively short
segment, not the spectral density of en-
semble-averaged power.

Similarly, if one wanted to analyti-
cally categorize the average behavior of
the spectral density estimate (the esti-
mator mean), it was the average of a
sliding estimator over distance (time),
not the average over some hypothetical
ensemble, that was of interest. Like-
wise, to characterize the variability of
the estimator, 1t was the distance-aver-
age squared deviation of the sliding es-
timator about its distance-average value
(the estimator variance) that was of 1n-
terest, not the variance over an ensem-
ble. The only apparent reason for
introducing a stochastic process model
with its associated ensemble, instead of
a time-series model, 1s that one might
have been trained to think about spec-
tral analysis of erratic data only in terms
of such a conceptual artifice and might,
therefore, have been unaware of the fact
that one could think in terms of a more
suitable alternative that1s based entirely
on the concept of time averaging over
the single time-series. (Although it is
true that the time-series segments ob-
tained from multiple 30 ft. sections of
waveguide could be thought of as inde-
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pendent random samples from a popu-
lation, this still does not motivate the
concept of an ensemble of infinitely
long time-series—a stationary stochas-
tic process. The fact remains that, physi-
cally, the 30-foot sections represent
subsegments of one long time-series in
the communications system concept
that was being studied.)

It 1s obvious in this example that

there 1s no advantage to introducing the
irrelevant abstraction of a stochastic
process (the model adopted by Thom-
son) except to accommodate unfamili-
arity with alternatives. Yet Gerr turns
this around and says there is no obvious
advantage to using the time-average
framework. Somehow, he does not rec-
ognize the mental gyrations required to
force this and other physical problems
into the stochastic process framework.

Gerr’s Letter
Having explained the link between my
argument 1n favor of the utility of FOT
probability and Thomson’s work, let us
return to Gerr’s letter. Mr. Gerr, in dis-
cussing what he refers to as ““a battle of
philosophies,” states that I have erred in
likening skeptics to religious fanatics.
But in the same paragraph, we find him
defensively trying to convince his read-
ers that the “statistical/probabilistic
paradigm”™ has not “run out of gas,”
when no one has even suggested that it
has. No one, to my knowledge, 1s trying
to make blanket negative statements
about the value of what 1s obviously a
conceptual tool of tremendous impor-
tance (probability) and no one 18 trying
to denigrate statistical concepts and
methods. It 1s only being explained that
interpreting probability in terms of the
fraction-of-time of occurrence of an
event is a useful concept in some appli-
cations. To argue, as Mr. Gerr does,
again in the same paragraph, that in
general this concept “has no obvious
advantages” and using it 1s “like build-
ing a house without power tools: it can
certainly be done, but to what end?” 1s,
as [ stated in my previous letter, to be-
have like a religious fanatic—one who
believes there can be only One True
Religion. This is a very untenable posi-
tion 1n scientific research.

As I have also pointed out 1n my
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previous letter, Mr. Gerr is not at all
careful in his thinking. To illustrate his
lack of care, I point out that Gerr’s
statement “‘Professor Gardner has cho-
sen to work within the context of an
alternative paradigm (fraction-of-time
probability),” and the implications of
this statement in Gerr’s following re-
marks completely ignore the facts that I
have written entire books and many pa-
pers within the stochastic process
framework, that I teach this subject to
my students, and that I have always
extolled its benefits where appropriate.
It Mr. Gerr believes in set theory and
logic, then he would see that I cannot be
“within” paradigm A and also within
paradigm B, unless A and B are not
mutually exclusive. But he insists on
making them mutually exclusive, as il-
lustrated in the statement ‘“From my
perspective, developing signal process-
ing results using the fraction-of-time
approach (and not probability/statis-
tics)...” (The parenthetical remark in
this quotation is part of Mr. Gerr’s state-
ment.) Why does Gerr continue to deny
that the fraction-of-time approach in-
volves both probability and statistics?
Another example of the lack of care in
Mr. Gerr’s thinking is the convoluted
logic that leads him to conclude “Thus,
spectral smoothing of the biperiodogram
1s to be preferred when little is known of
the signal a priori." As 1 stated in my
previous letter, it is mathematically
proven in [1] that the frequency smooth-
ing and time averaging methods yield
approximately the same result (a more
detailed and tutorial proof of this funda-
mental equivalence is given in the article
"The history and the equivalence of two
methods of spectral analysis," in review
for this publication). Gerr has given us no
basis for arguing that one is superior to the
other and yet he continues to try to make
such an argument. And what does this
nave to do with the utility of the fraction-
i-ime concept anyway? These are data

processing methods; they do not belong
to one or another conceptual frame-
work.

To turther demonstrate the indefen-
sibility of Gerr’s claim that the fraction-
of-time probability concept has “no
obvious advantages,” I cite two more
examples to supplement the advantage
of avoiding “unnecessary mental gyra-
tions” that was illustrated using Thom-
son’s waveguide problem. The first
example stems from the fact that the
fundamental equivalence between time
averaging and frequency smoothing re-
ferred to above was first derived by
using the fraction-of-time conceptual
framework [1]. If there is no conceptual
advantage to this framework, why
wasn’t such a fundamental result de-
rived during the half century of research
based on stochastic processes that pre-
ceded [1]?

The second example is taken from
the first attempt to develop a theory of
higher-order cyclostationarity for the
conceptualization and solution of prob-
lems in communication system design.
In [3], it 1s shown that a fundamental
inquiry into the nature of communica-
tion signals subjected to nonlinear
transformations led naturally to the
fraction-of-time probability concept,
and to a derivation of the cumulant as
the solution to a practically motivated
problem. This is, to my knowledge, the
first derivation of the cumulant. All
other work, which is based on stochastic
processes (or non-fraction-of-time
probability) and which dates back to the
turn of the century, cumulants are de-
fined, by analogy with moments, to be
coefficients in an infinite series expan-
sion of a transformation of the prob-
ability density function (the
characteristic function), which has
some useful properties. If there is no
conceptual advantage to the fraction-of-
time framework, why wasn’t the cumu-
lant derived as the solution to the

above-mentioned practical problem or
some other practical problem using the

orthodox stochastic-probability frame-
work?

Conclusion

Since no one in the preceding year has
entered the debate to indicate that they
have new arguments for or against the
philosophy and corresponding theory
and methodology presented in [1], it
seems fair to proclaim the debate
closed. The readers may decide for
themselves whether the resolution put
forth in [1] was defeated or was upheld.
But regarding the skeptics, I sign off
with a humorous anecdote:

When Mr. Fulton first showed off his
new invention, the steamboat, skeptics
were crowded on the bank, yelling “It’ll
never start, it’ll never start.”

It did. It got going with a lot of clanking
and groaning and, as it made its way
down the river, the skeptics were quiet.

For one minute.

Then they started shouting, “It’ll never
stop, it’ll never stop.”

—William A. Gardner
University of California, Davis
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